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ABSTRACT

Numerical simulations of breaking weak surge waves produced by the sudden removal of a gate were conducted to investigate turbulent
characteristics generated by different mechanisms in the surge front. We conducted numerical studies using Large Eddy Simulation over a range
of surge Froude numbers from 1.7 to 2.5, and a wide spectrum of tempo-spatial scales down to the Hinze scale was resolved. We established tur-
bulent statistics by means of Favre-averaging where quantities were weighted by the instantaneous density. Our results demonstrated that the pro-
duction of turbulent kinetic energy is mainly sourced at the toe, where the shear layer originates. Furthermore, the decomposition of production
elements illustrated that the shearing action is the principal driver in the entire surge front. Herein, we also conducted intricate anisotropy analy-
ses, including establishing characteristic shape maps by pointwise eigendecomposition of Reynolds stress tensors. Near the toe at the core of the
mixing layer, prolate structures were evident that are mainly stretched in the streamwise direction. Moving from the mixing layer toward the free
surface, however, the structure changes to a combination of prolate and oblate features, where the smallest principal stress is nearly in the span-
wise direction. In a snapshot, our results illustrate a clear transition in anisotropy from the recirculating region to the mixing layer.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0130657

I. INTRODUCTION

Surge waves are flow phenomena that occur due to sudden
changes in the flow depth, velocity, or discharge. Such transient flows
generate strong mixing, causing severe disruption to ecosystems. Tidal
bores, for instance, trigger dramatic pollutant and sediment remobili-
zation and suspension, which drastically affect the water quality.1

Furthermore, tsunami waves induce debris mobilization and put
coastal infrastructures at risk.2 Based on their analogy with stationary
hydraulic jumps,3 these transient waves are often characterized based
on the surge Froude number, Frs.

The in-depth mixing in these hydrodynamic shocks is caused by
two instability mechanisms: (i) instability initiated at the surge toe due
to the sharp velocity gradient, leading to the development of a mixing
layer4 and (ii) instability across the surge front due to phase disconti-
nuity, leading to the formation of a recirculating region in the proxim-
ity of the front.5 In-depth mixing is further confounded by the
proximity of these two mechanisms as well as possible interactions
with the boundary layer.6 Capturing the complete dynamics of such
transient flow events, from phase discontinuity to various scales of tur-
bulence, remains a challenge both experimentally and numerically.
In breaking surge waves of Frs > 1:4–1:6, the coherent structures near

phase discontinuity are often strong enough to overcome the surface
tension, causing entrainment of air which can further be transported
and distributed via the mixing region.7

In many laboratory experiments on undular (Frs < 1:4–1:6) and
breaking surge waves (Frs > 1:4–1:6), instruments, such as laser
Doppler anemometers and acoustic Doppler velocimeters, are often
used which deliver point-based measurements.5,8 Due to the fixed
position of such instruments, the position of the instrument changes
in reference to the surge front, and therefore, such methods cannot
provide a comprehensive description of turbulent statistics and scales.
In addition, many instruments cannot record close to the free-surface.9

Recently, particle image velocimetry (PIV) has been used to character-
ize the flow in a stationary hydrodynamic shock.6,10,11 Other studies
also used bubble image velocimetry (BIV) to overcome the limits of
applications of PIV to aerated flow and investigate the dynamics of
steady breakers considering the air–water interaction.6

Using these experimental techniques on turbulent surge waves
and hydraulic jumps, there has been significant progress in identifying
Reynolds stresses, Turbulent Kinetic Energy (TKE) with its budget
terms, and initial insight into flow anisotropy. Mignot and
Cienfuegos12 experimentally investigated the dissipation and
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production of turbulent energy in weak hydraulic jumps, in which
they stated most of the production occurred in the vicinity of the
shear layer. Wei et al.10 analyzed undular jumps in narrow flumes
where they reported on TKE, its production, advection, diffusion, and
dissipation. Additionally, they reported an anisotropic feature near the
toe and the first crest of the jump. W€uthrich et al.13 described a
detailed characterization of strong free-surface turbulence using opti-
cal techniques. They provided information on the recurring air–water
features and their interplay with TKE. Leng and Chanson14 experi-
mented on undular and breaking positive surges having Froude num-
bers in a range of 1.2–2.1. They reported Eulerian time scales, derived
from the autocorrelation function; moreover, the integral time and
length scales derived from the cross correlation function of velocity
fluctuations. The ratio of these scales in different directions indicated
the presence of anisotropic characteristics. Chanson and Toi8 have
reported similar observations, using longitudinal and vertical velocity
time scales. In hydraulic jumps, Wang and Murzyn15 investigated the
length and time scales of bubbly structures, free-surface structures, and
the impingement perimeter in the longitudinal and transverse direc-
tions. Longer longitudinal dimensions compared to the transverse direc-
tion dimensions were observed in the shear layer, while the opposite
was true in the recirculation region. Similarly, Chachereau and
Chanson16 analyzed the length and time scales of free-surface fluctua-
tions in two orthogonal directions for hydraulic jumps having small
Froude numbers. They inferred that the free-surface was better corre-
lated for longer distances in the longitudinal direction than in the trans-
verse direction, implying that the turbulence is non-homogeneous and
elongated coherent structures encompass the flow in the longitudinal
direction.

In addition to the laboratory work, computational studies of two-
phase breaking surge waves have recently become more viable through
improvements and optimizations in algorithms and computational
capacity.17 Performing numerical studies on this physics, however,
remain challenging due to a broad spectrum of time and space scales
reported in surge waves and hydraulic jumps, from smaller scale
eddies to large dominant horizontal eddies present in the wave front.18

Among these studies, very few are dedicated to investigating the three-
dimensional (3D) hydrodynamic features of coherent structures in
breaking waves. This is of particular importance in breaking surge
waves where two-dimensional (2D) events, reported in the surge front,
rapidly evolve into 3D structures.19 In breaking hydraulic jumps,
Mortazavi et al.7 used Direct Numerical Simulation (DNS) to resolve
the Hinze scale and presented data on Reynolds stresses, TKE produc-
tion and dissipation, spectral analyses, and air entrainment. In break-
ing waves, Lubin and Glockner20 implemented Large Eddy Simulation
(LES) to study the vortex filaments generated during the early stage of
the plunging wave breaking process, while Derakhti and Kirby21 used
LES to study air bubble entrainment, dissipation, and momentum
transfer between the two phases.

Thus far, very few studies have been devoted to the detailed tur-
bulent characterization both near the interface and in the mixing layer
regions, especially for transient breaking surge waves. Moreover,
despite the anisotropic behavior reported in hydraulic jumps and
bores, and the co-existence of 2D and 3D coherent structures, quantifi-
cation of turbulence anisotropy in the wake of surge waves remains a
matter of conjecture. By conducting turbulent anisotropy analysis, one
gets a complete picture of the turbulent behavior. Such analysis on

Reynolds stress tensor reduces the number of variables by representing
them in terms of principal stresses and principal eigenvectors. As a
result, anisotropy analysis paints a vivid picture of much information,
such as the degree of anisotropy in turbulence, 3D shape of the tensor,
and the orientations of turbulent stresses.22,23

Hence, the present work was motivated by the need to metic-
ulously investigate the spatial distribution of Reynolds stresses and
anisotropy, and their linkage to mixing mechanisms across the
surge wave front. With this in mind, we have conducted LES simu-
lations on weak transient breaking surge waves where we have
resolved even the smallest Hinze scale in the flow. The surge
Froude numbers in this study range from 1.7 to 2.5, where the
boundary layer has a minimal interaction with the mixing layer
region.6,17 We assessed anisotropy in Reynolds stress tensor using
the Anisotropy Invariant Map (AIM) and characteristic ellipsoids
maps. Interconnections between anisotropy and the resolved TKE
and production were also explored. The implication of these
results on the vivid change in structure from the recirculating
region to the mixing region is explained.

This paper has five sections and two appendices, including an
introduction and a numerical setup section. In the results, Sec. III, we
initially discuss the instantaneous flow features, followed by a discus-
sion on the resolved TKE and its production terms. Subsequently, a
comparative study between Favre and Reynolds averaging, and two
methods of anisotropy analysis are presented. Next, LES modeling and
discretization along with the convergence results and mesh quality are
demonstrated in Sec. IV, and brief concluding remarks are provided in
Sec. V. Finally, Appendix B provides a careful examination of results
against laboratory scale breaking surge waves having a similar Froude
range, and Appendix C presents an additional measure to assess the
quality of current LES simulations.

II. NUMERICAL SETUP
A. Governing equations

The governing equations are solved using interFoam, an incom-
pressible solver within Open Source Field Operation and
Manipulation (OpenFOAM) software. Herein, the Large Eddy
Simulation (LES) turbulent model is employed, and the governing
equations based on the filtered Navier–Stokes equations are

@q
@t
þ @qui

@xi
¼ 0; (1)

@qui
@t
þ @quiuj

@xj
¼ � @p

@xi
þ l

@2ui
@xj@xj

þ
@sRij
@xj

: (2)

In the above equations, u and p represent the LES resolved velocity
and pressure, respectively, where the index notation is used to specify
Cartesian coordinates, and q is the density. The effect of filtering
appears in the residual stress tensor, sRij . The most popular method of
accounting for the unresolved residual stresses, sRij , is to use the
Boussinesq hypothesis

sRij ¼ lR
@ui
@xj
þ @uj
@xi

 !
� 1
3
sRiidij; (3)

where dij is the Kronecker delta, and lR represents the residual eddy
viscosity which is calculated as
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lR ¼ qCkD
ffiffiffiffiffi
kR

p
; (4)

where Ck ¼ 0:094, and kR is the turbulent kinetic energy of the resid-
ual motion. The effective filter size, D, is calculated using volume in
each computational cell, Vcell, as D ¼ ðVcellÞ1=3. Here, we solved the
one-equation LES model by Yoshizawa and Horiuti24 for the subgrid
scale turbulent kinetic energy, kR,

@qkR
@t
þ @quikR

@xi
¼ @

@xi
ðlþ lRÞ

@kR
@xi

� �
� qsRijeij � Ce

qk3=2R

D
; (5)

where Ce ¼ 1:04. The volume fraction a is introduced to distinguish
between the two different phases, where at a ¼ 1, the cell is fully occu-
pied with water, and air volume fraction, aa, is defined as aa ¼ 1� a.
The Volume of Fluid (VOF) method is introduced to capture the two-
phase flow, where the governing equation is25

@a
@t
þ @uia
@xi
þ @

@xi
uciað1� aÞ½ � ¼ 0: (6)

The third term in Eq. (6) applies the sharpening on the interface artifi-
cially,26 and uci represents the relative velocity for water and air and is
defined as

uci ¼ Ca
juj
jraj

@a
@xi

; (7)

where Ca is the compression strength with a typical value of 1.27 The
fluid density and dynamic viscosity are calculated using a linear com-
bination of volume fractions

q ¼ qwaþ qað1� aÞ; l ¼ lwaþ lað1� aÞ: (8)

In this study, the continuity, momentum, and phase equations,
presented by Eqs. (1), (2), and (6), respectively, are standard LES gov-
erning equations derived by introducing spatial filtering to incom-
pressible and constant density flow conditions. In this approach, the
subgrid convective term appears in the filtered equations that require
modeling. However, applying the filter to a flow of variable density, in
this case, two-phase flow, introduces additional subgrid unsteady and
viscous terms in the momentum equation, and an additional interfa-
cial transport term in Eq. (6) due to the two-phase nature of the
flow.28,29 For oil–water gravity-driven mixing, Vincent et al.29 demon-
strated that the convective term remains dominant through all mixing
phases. They included the surface tension term in their study, and the
subgrid surface tension term was reported to be significant in areas of

decreasing inertia. Furthermore, they reported that the effect of the
interfacial transport term is not negligible. It has also been demon-
strated by others28,30,31 that the effect of surface tension is predomi-
nant in low shear regions and should be investigated when the density
and viscosity difference between the two fluids is small. This indicates
the importance of density-varied LES modeling, especially when focus-
ing on near interface dynamics, and even more so when resolving flow
features in smaller than the Hinze scale. The present study deals with
the air–water interactions (high density difference) in surge waves
driven by shearing phenomenon, and although turbulent statistics are
discussed in the entire surge front, attention is mainly drawn to the toe
region. Therefore, the LES model is considered for the closure of only
the convective term. As a result, only the resolved flow quantities par-
ticipate in the air entrainment and bubble formation, while the role of
the subgrid flow quantities, such as subgrid surface tension and inter-
face curvature, is neglected.

B. Computational setup and parameters

Figure 1 demonstrates an instantaneous snapshot of the simula-
tion problem, where U1 is the uniform downstream flow velocity, and
d1 is the initial downstream water depth. Similarly, U2 and d2 denote
the uniform velocity and water depth upstream of the breaking surge
wave, respectively. As discussed later, the initial condition resembles a
dam-break wave setup where U1 ¼ 0. Therefore, in this study, surge
wave Froude number, Frs, can be determined by

Frs ¼
cffiffiffiffiffiffiffi
gd1

p ; (9)

where c is the celerity of the wave. In this work, we have considered
three surge Froude numbers: Frs ¼ 1.71, 2.13, and 2.49. The lowest
surge Froude number in our study represents the highest Froude num-
ber threshold reported for undular surge waves.5,32 Another dimen-
sionless parameter relevant to surge waves and similar phenomena,
such as hydraulic jumps, is the Weber number, which is defined as
We ¼ qqU

2
2h=r. Using d1, the Weber number in the current study

ranges from We � 8900 to 9450. At this range, the contribution of
surface tension to energy balance is negligible as reported by Iafrati33

and Chen et al.34

The initial conditions for these breaking surge waves are gener-
ated based on analytical equations presented in the literature using the
Method of Characteristics (MOC).35 Initial water level in the reservoir
was set to d0 ¼ 1m. The computational domain stretches from

FIG. 1. Definition sketch of the positive
surge wave.
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x ¼ �25 to 25m, where x¼ 0 m marks the separation of d0 and d1,
demarcated by a gate at t¼ 0 s in Fig. 1. The streamwise size of the
computational domain is selected so that the negative and positive
characteristics do not reach the physical boundaries upstream and
downstream during the simulation period of 8 s. We have imple-
mented a periodic boundary condition in the spanwise z-direction.36,37

This spatial periodic boundary condition is implemented to reintro-
duce the velocities in the spanwise direction into the flow field.36 The
size of the periodic domain width, T¼ 0.4 m, is selected so that it is
several times larger than the largest flow scale in the domain as
reported by Li et al.17 Here, d is representative of the local grid size
across the domain, and in each simulation, the domain is resolved
using three different local grid sizes: d ¼ dx1 ¼ dy1 ¼ dz1 covering
the area of wave propagation in the Area of Refinement 1 (AR1); and
d ¼ dx2 ¼ dy2 ¼ dz2 covering the toe where the mixing layer is origi-
nated in the Area of Refinement 2 (AR2). The rest of the domain is
discretized with a mesh size of d ¼ Dx ¼ Dy ¼ Dz. Using this grid
size combination, we resolved scales down to the Hinze scale (see
Appendix A) and have maintained LES resolution throughout the
domain, as discussed in Sec. IV. There is no special treatment con-
ducted for the no-slip boundary condition near the bed nor is the grid
refined near the rigid boundary. In weak breaking surge waves, as
demonstrated by Lin et al.6 for hydraulic jumps, the interaction of the
boundary layer and the mixing layer is limited to areas upstream of
the surge wave. In the present study, the effect of the boundary layer
region is not captured, first as we only focused on the surge toe and
the breaking front with limited interaction with the boundary layer;
and second, as the Froude number is limited to 2.49 where our initial
water depth, d1, is significantly larger than the boundary layer thick-
ness.7 Table I summarizes the parameters for five simulation cases and
Froude numbers, where the upstream uniform velocity and depth, U2

and d2, are estimated based on MOC. The computing times for cases
1, 2–2, and 3 were 28–35 days, with 128 cores, and for cases 2–3 were
roughly 3months, for a simulated time of 8 s.

The temporal discretization is semi-implicit, and we have
employed different spatial discretization schemes for the convection
terms. The convection terms appear in momentum, kR transport, as
well as the phase equation, and spatial discretizations are performed
based on the sensitivity and nature of these terms as discussed below.
The discretization of the subgrid scale turbulent kinetic energy flux,
kR, appearing in Eq. (5), is performed using a first-order upwind biased
interpolation. However, the advection flux in the momentum equation
requires higher order approximation, and, therefore, an upwind biased
central differencing is selected. As demonstrated in Fig. 1, starting
from its initial condition, the moving surge wave exhibits discontinuity

in phase at the surge front, and it requires a TVD scheme, or an alter-
native, to ensure numerical stability and accuracy.4,27 For the phase
flux term in Eq. (6), the VanLeer Total Variation Diminishing (TVD)
method is selected. This TVD scheme is second order accurate and is
bounded, and its accuracy can drop to as low as first order in regions
with discontinuity. Gauss linear central differencing is implemented
for diffusive terms, and time marching is conducted using the back-
ward Euler method. The pressure–velocity coupling in the
Navier–Stokes equations is conducted using the PISO algorithm.

III. RESULTS AND DISCUSSION

Analysis and discussion of the results are undertaken in several
steps. First, to demonstrate the general behavior of a breaking surge
wave, instantaneous flow features are qualitatively discussed. This is
followed by an in-depth discussion of the turbulent kinetic energy pro-
duction and mechanisms that mainly contribute to production. To
establish the anisotropic characteristics of the flow, anisotropy maps
and shapes are established for Froude numbers of Frs¼ 1.71, 2.13, and
2.49. Anisotropy is then discussed in terms of relation to instability
mechanisms and the production of the resolved turbulent kinetic
energy.

A. Instantaneous flow and general observations

Here, we start with a qualitative visualization of the flow. To
identify the vortices and their evolution behind the surge wave in space
and time, we have used the Q-criterion, where Q is the second invari-
ant of the velocity gradient tensor

Q ¼ 1
2
ðjjXjj � jjejjÞ; (10)

where the strain rate is defined as eij ¼ 1
2 ð@ui=@xj þ @uj=@xiÞ, and

vorticity is defined as Xij ¼ 1
2 ð@ui=@xj � @uj=@xiÞ. There are two dis-

tinguishable regions across the surge front: the shear or the mixing
layer and the recirculating or the roller region near the air–water inter-
face. Identification of these two regions using the characteristic shapes
of turbulence is discussed later in this paper. The toe of the surge is the
origin of the shear mixing layer, forming as two different streamwise
velocities intersect. Subsequently, the surge toe becomes a source of air
entrainment and vortices as seen in Fig. 2. The propagating wave front
interacts with the downstream static flow causing the upward move-
ment of the free-surface and rolling action which leads to perturbation
of the surface. As a consequence, this causes rolling and recurring
actions that, in turn, create a foamy region at the air–water interface.38

Turbulent vortices and air pockets are advected upstream in the devel-
oping shear mixing layer. This region is chaotic and constantly

TABLE I. Summary of parameters for numerical cases. d2, U2, and c are obtained using MOC. Grid refinement studies are performed for cases 2–1, 2–2, and 2–3 for Frs
¼ 2.13 with a refinement ratio of r ¼ 1.25.

Case nos. Frs d1 (m) d2 (m) U2 (m/s) c (m/s) AR1 (m2) dx1 (m) AR2 (m2) dx2 (m) Dx (m)

1 1.71 0.300 0.596 1.457 2.93 25� 0.7 0.00500 10� 0.1 0.002500 0.0100
2–1 2.13 0.200 0.513 1.820 2.98 25� 0.6 0.00625 10� 0.1 0.003125 0.0125
2–2 2.13 0.200 0.513 1.820 2.98 25� 0.6 0.00500 10� 0.1 0.002500 0.0100
2–3 2.13 0.200 0.513 1.820 2.98 25� 0.6 0.00400 10� 0.1 0.002000 0.0080
3 2.49 0.150 0.461 2.037 3.02 25� 0.5 0.00500 10� 0.1 0.002500 0.0100
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changing in shape as the wave propagates. Furthermore, as shown in
Fig. 2, despite these mixing processes, the wave celerity obtained by
MOC represents well the overall propagation of the wave.

Figure 3 demonstrates the side view of the breaking surge wave
having Frs ¼ 2:13 propagating from the left to the right, while the
temporal and spatial propagations of the surge wave are normalized
using MOC celerity, as seen in Table I. The evolution of the volume
fraction of water using three temporal instances is shown in the left
column, and the corresponding evolution of coherent vortical struc-
tures, using the Q-criterion plots, is shown in the adjacent column.
The transient surge is made stationary using a weighted algorithm pre-
sented in our previous study.17 The surge front is shifted to the initial
position by subtracting the distance traveled, which is calculated using
a theoretically estimated celerity of the wave based on its Froude

number. The mean air–water interface is delineated herein after by a
¼ 0.5, also used by Mortazavi et al.7 and Ling et al.39

Statistical averaging in Secs. III B–V is conducted over 400 (fre-
quency of 200Hz) time steps after the flow has reached a statistically
steady turbulent condition. For the current simulation, this has
approximately occurred at ct=d2 ¼ 20 for Frs ¼ 1:71 to ct=d2 ¼ 26
for Frs ¼ 2:49. In order to determine that the turbulence characteris-
tics are time invariant, we have conducted ensemble averaging over
multiple sets of 400 time steps, with a lag time of 0.5 s, and determined
the corresponding averaged velocities and Reynolds stresses, as
described in Subsection III B. The ensemble quantities conduced for
sets starting at or after the above-mentioned statistically steady times
were time invariant. The pointwise differences between the averaged
velocities among these sets along the x and y directions were limited to

FIG. 2. Time evolution of the Q-criterion at
the mixing layer and the breaking front for
Frs ¼ 2:13 across the channel centerline.
The black curve corresponds to a ¼ 0.5,
identified as the air–water interface.

FIG. 3. Shifted instantaneous wave profiles at the centerline for (a)–(c) water volume fraction, a, and (d)–(f) Q-criterion at Frs ¼ 2:13 for ct=d2 ¼ 23:24, 23.82, and 24.40
below the interface at a ¼ 0.5.
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0.005U2. Similarly, the absolute pointwise differences between normal
Reynolds stresses were below 1.000�10�3U2

2 .

B. Resolved turbulent kinetic energy equation

To characterize turbulence across surge waves, here we look from
the energy point of view. In the Reynolds decomposition of the flow
field, the averaging of the quantities is conducted both temporally and
spatially in the z-direction. In the current study, due to the transient
nature of the flow, for temporal averaging, time-shifting is also per-
formed using wave celerity c, to normalize the wave position in the
streamwise, x-direction. The details of this procedure are provided in
Li et al.17 The time and space averaging is defined as

�/ðx; yÞ ¼ 1
ntnz

X
t

X
T

/ðx � ct; y; zÞ; (11)

where nt¼ 400, and in cases 1, 2–2, and 3, nz¼ 40. Here, we use ðÞ to
denote ensemble average conducted over time using combined span-
wise and shifted frames, while the perturbations from this mean are
defined as /0 ¼ /� �/. In the present problem, there is a significant
temporal and spatial change in phase distribution. In the current VOF
approach, the density of each phase remains constant; however, the
combined phase density in a computational cell, q, changes with time
and space. As a result, Favre averaging, that is density-weighted aver-
aging, is employed to account for density variation. The Favre averag-
ing operator is defined as

e/ ¼ q/
�q
; (12)

and the resolved fluctuations are expressed as /00 ¼ /� e/. Further
comparisons and reasons to implement Favre averaging are substanti-
ated in Sec. IIID. Based on the momentum governing equation for the
LES, the transport equation for the resolved turbulent kinetic energy,
k, is given by

@�qk
@t
¼ 0 ¼ � @

�qeujk

@xj|fflffl{zfflffl}
ð1Þ

� �q gu00i u00j @eui

@xj|fflfflfflfflfflffl{zfflfflfflfflfflffl}
ð2Þ

� sij
@u00i
@xj|fflffl{zfflffl}
ð3Þ

þ p0
@u00i
@xi
� u00i

@�p
@xi|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}

ð4Þ

þ @

@xj
siju00i �

1
2
qu00j u

00
i u
00
i � p0qu00j

� �
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ð5Þ

þ
@u00i s

R
ij

@xj
� sRij

@u00i
@xj|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

ð6Þ

;

(13)

where the resolved turbulent kinetic energy is the trace of Reynolds

stress tensor, which is defined as k ¼ gu00i u00i =2. Term (1) in Equation
13 is the advection term, while (2) is the resolved turbulent produc-
tion. Term (3) is dissipation due to the effect of molecular viscous
stress, sij, defined as

sij ¼ l
@ui
@xj
þ @uj
@xi
� 2
3
dij
@ui
@xi

" #
: (14)

Term (4) is composed of pressure dilation and pressure gradient,
whereas (5) is the diffusion term. Since ensemble averaging in the pre-
sent problem is conducted over time and space, the resolved turbulent

kinetic energy is time-independent of the left hand side of the equa-
tion. Term (6) appears in the Favre-averaged turbulent kinetic energy
equation due to the existence of the residual stress in the LES equa-
tions. This term includes the transfer of energy between the resolved
and subgrid scale as well as subgrid diffusion of the resolved kinetic
energy.40 From the calculation that will be discussed later, the resolved
turbulent kinetic energy comprises more than 90% in a small region
near the surge toe, and more than 95% elsewhere in the domain. The
contribution of term (6) is deemed negligible in the current problem
and setup. Similar equations for turbulent kinetic energy, excluding
term (6), have been also presented by Mortazavi et al.7 and Ling
et al.39 and before them by Aupoix et al.41

C. Turbulent production and its decomposition

This section is devoted to the production of the turbulent kinetic
energy and its predominant role in anisotropy. To assess the role of
turbulent production on perturbation growth, the total production, S,
is decomposed into three terms, S1, S2, and S3, which are associated
with the production of gu00u00 ; gv00v00 , and gw00w00 , respectively. These pro-
duction terms are defined as

S1 ¼ �gu00u00j @eu@xj ; S2 ¼ �gv00u00j @ev@xj ; S3 ¼ �gw00u00j @ew@xj : (15)

In our assessment of the flow field, the spanwise mean velocity,
and its spatial derivatives in the x- and y-directions, @ew=@x and
@ew=@y, are negligible. Furthermore, since shifted time averaging com-
bined with spatial spanwise averaging as shown in Eq. (11) are applied,
all mean velocity components are invariant in the z-direction, i.e.,
@ eui=@z ¼ 0. Subsequently, the production of S3 also becomes negligi-
ble, compared to S1 and S2, as seen in Fig. 4.

From Fig. 4, it is evident that the production terms contributing
to gu00u00 , that is S1, are dominant in all three Froude numbers. The con-
tour distribution of this production term, shown in the first row, is
mainly distributed around the mixing layer originated from the surge
toe. S2 term, shown in the second row in Fig. 4, has the second highest
contribution to production. The distribution of S2 appears to extend
mainly behind the breaking surge front and in a shallower depth com-
pared to S1. This term also exhibits an interesting feature, that is nega-
tive turbulent production, mainly at the averaged air–water interface,
instantaneously identified at a ¼ 0.5.

Figure 5 shows the two components of Si for Frs ¼ 2:13, which
are Sia and Sib. From the inspection of the contour of S1a, which is

�gu00u00 @eu@x, we observe a negative TKE production below the water sur-
face at the core of the mixing layer, as shown in Fig. 5(a). This indi-
cates the draining mechanism of energy from a fluctuating component
to the mean flow. This behavior is consistent throughout the mixing
layer which is initiated from the surge toe. Since this term is comprised
of the streamwise normal Reynolds stress, which is always positive, the

negative TKE production occurs because @eu
@x > 0. This can be physi-

cally associated with the stretching of the mean flow in the streamwise

direction. The remaining S1 production term S1b;�gu00v00 @eu@y is gener-
ated by the Reynolds shear stress�gu00v00 , as shown in Fig. 5(b). Across
the mixing layer and underneath the breaking surge, S1b is dominant
over S1a, and subsequently, the contour for S1 in Fig. 4(e) closely
resembles that of S1b. To compare the magnitude of Reynolds stresses,
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normalized gu00u00 ; gv00v00 , and �gu00v00 contours plots are shown in Fig. 6

for Frs ¼ 2:13. Among the three stresses plotted in this figure, gu00u00 is
dominant, while the shear stress �gu00v00 is smaller in overall distribu-

tion. This indicates that the velocity gradient of @eu@y is the main driver

behind the S1b, hence, S1 production terms as well. Therefore, the gra-
dient of velocity, due to the formation of the mixing layer originated at
the surge toe, is the principal driver of high production behind the
breaking surge waves studied here.

The next production term S2a, which is �gv00v00 @ev@y, is also shown
in Fig. 5(c). In this case, we observe the opposite behavior compared
to S1a from Fig. 5(a). The production term is spread across the exact
region as S1a with an opposite sign. Across the mixing layer, this pro-

duction is positive because @ev
@y is suspected to be negative, which is

characterized by compression of the mean flow in the y-direction.
This is expected because the density variation below the interface and
across the mixing layer is not dominant as shown in Fig. 3, i.e.,
@ev
@y ’ � @eu

@x. This also conveys the stretching of the mean flow in one

direction leads to compression in the orthogonal direction. Thus, at

the vicinity of the toe, there is an elongation of the mean flow in the
flow direction from S1a, whereas compression occurs in the perpendic-
ular direction from S2a. This investigation is further extended using
anisotropy maps and ellipsoids in Secs. III E and III F. The remaining

production term S2b, which is �gu00v00 @ev
@x, does not contribute signifi-

cantly to S2, as the velocity gradient of @ev@x is small.
Figure 5 also illustrates the presence of both positive and negative

TKE production which implies the source and drain of turbulent
energy, respectively. The gradient of velocity due to the formation of

the mixing layer originated at the surge toe, @eu@y , is the principal driver
of high production behind the breaking surge waves studied here.
Therefore, the dominant positive production term, S1, is observed
within the surge at the shear mixing layer. On the contrary, negative
values occur close to the surface, which is evident in both S1 and S2.
This is perhaps due to the formation of negative shear stress,

�gu00v00 < 0, near the interface. Additionally, the positive TKE produc-
tion in the order of magnitude is substantially larger than the negative.
This is in agreement with the results reported by Misra et al.42 in an
experimental study on a weak hydraulic jump. They found positive

FIG. 4. Normalized TKE production terms, S1, S2, and S3, and total production, S, Froude numbers of Frs ¼ 1.71, plotted in (a)–(d), Frs ¼ 2.13, plotted in (e)–(h), and for
Frs ¼ 2.49, shown in (i)–(l), respectively. The black curve corresponds to the averaged air–water interface, instantaneously identified at a ¼ 0.5.
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Reynolds shear stress in the mixing layer and negative stress just below
the mean surface of the hydraulic jump. They also observed high TKE
in the mixing layer compared to the surface. This is also supported by
a numerical study by Wei et al.,10 who presented observations of nega-
tive production of TKE near the free-surface of the first crest in the
undular hydraulic jump.

FIG. 5. Resolved Favre-averaged TKE production terms. Components of S1: (a)
S1a and (b) S1b; components of S2: (c) S2a and (d) S2b based on Eq. (15) for
Frs ¼ 2:13.

FIG. 6. Favre-averaged normalized turbulent stress terms (a) gu00u00 , (b) gv00v00 , (c)gw00w 00 , (d)�gu00v00 , (e)�gu00w 00 , and (f)�gv00w 00 for Frs ¼ 2:13.
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D. Favre vs Reynolds averaging

While Reynolds averaging has been widely used in the experi-
mental and computational research conducted on bores, surge
waves, and hydraulic jumps, limited attention has been drawn to
the impact of density variability on this averaging technique. In the
present problem, we deal with an incompressible two-phase flow
where the density of each phase remains constant, but there are
temporal fluctuations in density at a given location, especially in
the vicinity of the mixing layer and the surface interface (see Fig.
3). Thus, when considering this variable-density flow, Favre averag-
ing, density-weighted averaging,43 or density-varied Reynolds aver-
aging must be employed. This subsection presents a comparison
between two averaging techniques: Favre-averaging and constant
density Reynolds averaging to discuss the shortcomings of this
Reynolds averaging technique for surge waves.

A one-to-one comparison between the two averaging methods
on the Reynolds stress components and the total production of the
resolved TKE is illustrated in Fig. 7. TKE production terms according
to Favre averaging is from Eq. (15) and constant density Reynolds-
averaging are as follows:

Sr ¼ �u0u0j
@�u
@xj
� v0u0j

@�v
@xj
� w0u0j

@�w
@xj

: (16)

The dissimilarity between the two is confined to the mixing layer and
the surface of the water due to high-density fluctuations in those
regions. Particularly, anomalies that are observed in normal stress
components, close to the toe, in the Reynolds averaging do not exist in
Favre averaging. Moreover, the shear Reynolds stress exhibits negative
values in the vicinity of the toe at the air–water interface, which is not
observed in Favre-averaged shear stress. In terms of the total produc-
tion, negative production, indicated by the blue color, at the surface of
the toe is also of less intensity in the Favre averaging. However, the
negative production from ðx � ctÞ=d2 ¼ 0 to 1 still persists for both
methods.

It is critical to note that Favre and Reynolds averaging represent
two different physical flow kinematics. Following the definitions of
Reynolds and Favre averaging, we have

eui ¼ ð�q þ q0Þðui þ u0iÞ
�q

¼ ui þ
q0u0i
�q
: (17)

It can also be shown that eui ¼ ui � u00i . Therefore, the difference
between the averaged velocities using these two techniques is the tur-
bulent mass flux term, q0u0i=�q, which can also be represented by u00i . In
the Reynolds averaging framework for density varied flow, the turbu-
lent mass flux term appears in the continuity, momentum, and pro-
duction terms of the TKE equation. As shown by Hendrickson and
Yue,44 in the wave-breaking region in ship wakes, the turbulent mass
flux’s contributions to the mean momentum equation are of the same
magnitude as the Reynolds stress terms. As shown in Fig. 8, all three
components of the mass flux term, presented by u00 ; v00 , and w00 , are
prominent in areas near the interface and the toe region. While the
contour plots of v00 and w00 show a mixture of positive and negative
values across the entire surge front, u00 demonstrates consistently neg-
ative values near the interface and positive values at the mixing layer.
The existence of these mass flux terms in the varied density Reynolds

averaging framework can explain the difference between the two aver-
aging methods. Therefore, if a Reynolds averaging framework is imple-
mented in breaking surge waves, bores, and hydraulic jumps, the
terms directly associated with the variable density turbulent flows
must be incorporated.45

E. Anisotropy invariant maps

To investigate the anisotropic behavior of turbulence across a
surge wave, here we implement AIM. The anisotropic characteristics
of turbulence can first be quantified using the properties of normalized
Reynolds stress anisotropy tensor

aij ¼
gu00i u00j
2k
� 1
3
dij; (18)

where dij is the Kronecker delta. Eigen decomposition of aij yields
three eigenvalues (k1, k2, and k3) and are associated with eigenvectors
(~v1 ; ~v2 ; ~v3 ) which, in turn, are used to calculate the invariants of the
tensor.

The Anisotropy-Invariant Map (AIM) introduced by Lumley
and Newman46 is an effective visualization tool to study the states of
turbulence and its dynamics by examining the trajectories of the invar-
iants. The coordinates in AIMs are calculated either by linear or
non-linear combinations of their corresponding eigenvalues. Among
common AIMs are the Lumley triangle, Turbulence triangle, and
Barycentric Map (BM). The non-linear Lumley and Turbulence trian-
gles provide distorted representation and visual bias of turbulent quan-
tities. The points on these maps are concentrated, which leads to bias
and the trajectories of points are non-linear in nature. On the other
hand, BM compensates for these limitations because it linearizes the
Reynolds stress tensor.23 The limiting states of turbulence (one-com-
ponent, two-component, and three-component) in the BM are evenly
spaced in the Euclidean space which prevents the bias. These states are
placed at ðx1c; y1cÞ ¼ ð1; 0Þ; ðx2c; y2cÞ ¼ ð0; 0Þ, and ðx3c; y3cÞ ¼ 1=2;ðffiffiffi
3
p

=2Þ, to form an equilateral triangle. Any state of turbulence repre-
senting a point ðxB; yBÞ on the BM is defined by a convex combination
of these limiting state vertices

xB ¼ C1cx1c þ C2cx2c þ C3cx3c;

yB ¼ C1cy1c þ C2cy2c þ C3cy3c;
(19)

and the scalar metrics are

C1c ¼ k1 � k2;

C2c ¼ 2 k2 � k3ð Þ;
C3c ¼ 3k3 þ 1:

(20)

In order to better visualize the anisotropy using the BM, here we
use the visualization technique proposed by Emory and Iaccarino,22

where BM color maps can be directly projected into the physical
domain to comprehend the turbulent structures and their dimensions.
This is a more convenient technique as it prevents sophisticated label-
ing and provides the leverage of mapping every point of the physical
domain to the BM using colors. In this study, two color maps are used,
i.e., the conventional RGB and modified RGB. The conventional RGB
values are calculated using the scalar metrics according to the follow-
ing equation:
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R

G

B

264
375 ¼ C1c

1

0

0

264
375þ C2c

0

1

0

264
375þ C3c

0

0

1

264
375: (21)

The modified RGB color scheme provides better distinguishable
regions on the BM using more colors by introducing offset ðCoff Þ and
exponent coefficients ðC exp Þ in Eq. (21). The modified equation for
this color scheme is

R

G

B

264
375 ¼ C�1c

1

0

0

264
375þ C�2c

0

1

0

264
375þ C�3c

0

0

1

264
375; (22)

where C�ic ¼ ðCic þ Coff ÞC exp , Coff ¼ 0.65, and Cexp ¼ 5. The modified
AIM color scheme brings a new perspective, as it further divides the
BM into multiple regimes (illustrated in Fig. 9), which aids in

interpreting the intermediate states of turbulence in the complex flow.
In particular, distinct colors are assigned to regimes in between the
limiting states of turbulent. For example, the axis-symmetric prolate
(between one- and three-component) state is assigned a pink color,
whereas the cyan indicates the oblate state (between two- and three-
component). The conventional and modified BM color maps are
shown in Fig. 10 for different Froude numbers.

The first prominent feature is the formation of a clear and dis-
tinctive thin layer of one-component turbulence emanating from the
toe of the surge front, which can be seen in Figs. 10(a1), 10(b1), and
10(c1) for Frs ¼ 1:71, 2.13, and 2.49, respectively. This anisotropic
turbulent behavior begins at the shear mixing zone under the surge
front where the high-speed surge is in immediate contiguity to the
stagnant water. This causes the adverse velocity gradient that is
believed to be responsible for the production of turbulence and induc-
tion of shear stress into the flow. As a result, the increase in TKE and

FIG. 7. Comparison of turbulent characteristics obtained from Favre (left column) and Reynolds averaging (right column): (a) �qgu00u00=qwU
2
2 vs �qu0u0=qwU

2
2 , (b) 10dx1 vs

�qv0v0=qwU
2
2 , (c) �gv00w 00 vs ��qu0v0=qwU

2
2 , and (d) �qSd2=qwU

3
2 vs �qSrd2=qwU

3
2 .
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its production helps sustain that state of anisotropy behind the surge
front. Another salient feature of Fig. 10(b1) is the blue patches, occa-
sionally combined with green for the area behind the surge heel at
ðx � ctÞ=d2 < 0. This indicates the three-dimensional isotropic turbu-
lence and the return to the isotropic state behind the surge. As the tur-
bulent kinetic energy cascades from large eddies to small eddies, and
eventually, dissipates, the anisotropy decreases; subsequently, the tur-
bulence field almost becomes homogeneous and three-dimensional.

Using the modified color map, Figs. 10(a2), 10(b2), and 10(c2)
describe the dominance of prolate characteristics of turbulence across
the air–water interface between the surge heel and the toe. The red
one-dimensional turbulence at the surge toe seen in the previous dis-
cussion transforms into a three-dimensional elongated state as other
components of turbulence gain comparable magnitudes. This escala-
tion of the pink color grade follows the pattern of the mixing layer and
spreads as the distance from the surge toe increases. Further upstream
beyond ðx � ctÞ=d2 < 0, we begin to see highlights of the blue color
grade, which suggests the beginning of the return-to-isotropy. Similar
observations were made by Nadaoka et al.47 for breaking waves in the
surf zone, where rather two-dimensional flow structures close to the
wave crest were reported. However, as described by Nadaoka et al.47 in
such a flow, turbulent structure evolves quickly into that with strong
three-dimensionality behind the wave. In Figs. 10(a2) and 10(c2),
highlights of blue shapes having a mixture of oblate and isotropic ellip-
soids begin to appear at ðx � ctÞ=d2 ¼ �1 and ðx � ctÞ=d2 ¼ 0:5 in
the case of Frs ¼ 1:71 and Frs ¼ 2:49, respectively, implying that the

return-to-isotropy is faster and closer to the surge front for higher
Froude numbers.

The modified color map has all six color distinctions intersecting
at the center of the BM as in Fig. 9(b). Thus, the turbulent states near
the center of the BM are inconsistent with the color scheme because a
minor shift in their position can cause significant color alternation and
so does its delineation. Due to this limitation of the color map, inter-
mixing of the pink and cyan colors is noticeable in Figs. 10(a2),
10(b2), and 10(c2), especially in the upstream region of the surge and
the top region of the recirculation region. Therefore, these regions
have neither entirely prolate nor oblate shapes but rather a blend of
the two. These turbulent structures in the form of ellipsoids are illus-
trated in Sec. III F.

The last feature to report here, which is consistent for all the
cases, is the presence of one-dimensional characteristics in the down-
stream region of the surge front. It may seem sensible that the turbu-
lence should be isotropic at this region as the water is at rest, but we
observed this behavior due to the normalization of Reynolds stress
tensor with TKE. The TKE and Reynolds stresses are near zero in this
region, and, therefore, upon normalization with such low quantities,
the tensor obtained is indefinite and yields such a highly anisotropic
attribute.

The findings from these analyses are in fundamental agreement
with the experimental and statistical studies in breaking bores reported
by Chanson and Toi8 and Leng and Chanson.14 They observed a large
streamwise auto-correlation length scale and timescale compared to
the transverse and spanwise directions, which clearly demonstrates an
anisotropic process. Moreover, Koch and Chanson48 and Chanson
and Docherty49 performed turbulent measurements by investigating
the Reynolds stresses in undular and breaking bores. They reported
large normal and tangential Reynolds stresses beneath the surge which
were inhomogeneous and anisotropic in nature. Apart from this, an
examination of turbulent intensities through a series of experiments
for different Froude numbers on hydraulic jumps in a narrow flume
by Wei et al.10 revealed anisotropic intensities at the jump toe and
gradually returned to isotropy upstream. These previously described
features are evident and consistent in all three Froude numbers.

F. Characteristics shapes of turbulence

The characteristic shapes of turbulence or the ellipsoids delineate
the directionality of turbulence. In Sec. III E, the color maps described
the degree of anisotropy and the type of anisotropic structures based
on turbulence dimensionality at every location on the domain. Here,
the ellipsoids complete the picture by describing the orientation associ-
ated with each principal component derived from its eigenvector.
These ellipsoids are acquired by the diagonalization of a Reynolds
stress tensor. This matrix is diagonalized to get the magnitude of prin-
cipal stresses (r1, r2, and r3), which are the eigenvalues of the tensor,
while the unit vectors that correspond to the direction of principal
stresses are its eigenvectors. Once the three principal stresses are
obtained for every data point, the corresponding turbulence spheroid
for each data point can be acquired from the following equation:

x0

r1

� �2

þ y0

r2

� �2

þ z0

r3

� �2

¼ 1; (23)

FIG. 8. Plots of (a) �qu00=qwU2, (b) �qv00=qwU2, and (c) �qw 00=qwU2 for
Frs ¼ 2:13. These contour plots present turbulent mass flux terms.
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where x0; y0, and z0 are in the principal coordinate system, while r1,
r2, and r3 are the lengths of the semi axes of the turbulence spheroid.

In a special case, when all the principal stresses are equal, the
shape obtained is a sphere indicating isotropic property. An oblate
spheroid is produced when one of the principal components or an
eigenvalue is small compared to the other two; in contrast, a prolate
spheroid is produced when an eigenvalue is prevalent compared to the
other two eigenvalues. These shapes are illustrated in Fig. 9(c) along
with the BM color maps. Once the ellipsoid is composed of Eq. (23),
its orientation is rotated such that its semi-axes coincide with these
principal axes. In order to demonstrate the orientation of the sphe-
roids in the domain, a color scheme is designed and assigned to three
eigenvectors. Figure 11(a) shows the color convention used to visualize
these eigenvectors and associated principal stresses: green is assigned
to the largest principal stress, red to intermediate, and blue to the
smallest principal stress.

Figure 12 contains rotated characteristic ellipsoids, at four
evenly distributed heights from the toe to the surface, from y ¼ d1 to
y ¼ d1 þ 0:75ðd2 � d1Þ to provide a lucid explanation (refer to
supplementary files to see ellipsoids throughout the surge front in
all three cases of Froude numbers). These ellipsoids are plotted from
ðx � ctÞ=d2 ¼ 0 up to the surge front at nodes 0.025m (5dx1) apart
from each other for clarity. The shape of each ellipsoid elucidates the
dimension of turbulence at that location of the flow. The elongated

prolate ellipsoid indicates one-dimensionality, whereas the flattened
oblate ellipsoid indicates two-dimensionality, and finally, a perfect
sphere is for three-dimensional isotropic turbulence. These ellipsoids
are rotated such that their major axes align with principal eigenvectors.
At each height, the ellipsoids are shown from two planar views [Fig.
11(b) shows the three planar views of the setup]: the first row is the
side view, and the second row is the top view. In Fig. 12, the first series
of ellipsoids at the height of y ¼ d1 in all three Froude numbers illus-
trates the evolution of dimensionality and directionality of turbulence
from the origin of the shear mixing layer, the toe, to further upstream.
The initial few ellipsoids are predominantly elongated along the
streamwise direction (x-axis in the Cartesian coordinates), implying
one-dimensionality at the toe which was also shown in Sec. IIIE. The
direction of the dominant eigenvalue indicated by the green vector is
also aligned in the streamwise direction. Moving away from the toe,
two radii of ellipsoids gain comparable magnitudes and the stretching
reduces; nonetheless, the elongated prolate property persists through-
out the series.

Focusing on the orientation of the ellipsoids starting from the
toe, a transition of dominant eigenvector (green-colored vector) from
the streamwise direction to an angle of 45�, rotated in the clockwise
direction about the z-axis, is evident as we move away from the toe.
The positive shear stress �gu00v00 introduced in the wake of the surge
due to the velocity gradient is the cause for this shift in orientation.

FIG. 9. (a) The conventional and (b) the
modified color map representation based
on BM; (c) spheroid visualization across
the BM.
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However, the orientation of the other two vectors, i.e., the intermediate
eigenvector (red-colored vector) and the smallest eigenvector (blue-
colored vector), is mostly parallel to the z-axis and the y-axis of the
Cartesian coordinates, respectively. This implies that the shear stresses
�gu00w00 and�gv00w00 are negligible compared to the remaining stresses,
thus not strong enough to alter the orientation of principal stresses.
These stress magnitudes are also presented in Fig. 6 in the case of
Frs ¼ 2:13. These observations across the surge toe are consistent in
all three Froude numbers presented in Fig. 12.

Moving on to the next series of ellipsoids at a height of
y ¼ d1 þ 0:25ðd2 � d1Þ, the most pronounced differences from the
previous observations are the first couple of ellipsoids between ðx �
ctÞ=d2 ¼ 1:0 and the surge front. In the previous series, the ellipsoids
at the toe were predominantly elongated, whereas here, we see attenu-
ation of that feature in all three cases of Froude numbers. In fact, some
of the ellipsoids are closer to oblate in nature in the case of Frs ¼ 2:13,
which also agrees with the color maps shown previously in Sec. III E.
Across this region, there are high perturbations and chaotic interac-
tions between water and air. As a result, all the components of
Reynolds stresses gain comparable magnitudes, and therefore, the
ellipsoids are not as uni-directional as those across the toe.

In the previous discussion for y ¼ d1, the orientation increased
from 0� (streamwise) to 45�about the z-axis as we move away from
the toe; however, for y ¼ d1 þ 0:25ðd2 � d1Þ, we see that the orienta-
tion of ellipsoids decreases from a higher angle (close to 60�–70�) to

45�, upstream. This is again associated with shear stress, �gu00v00 . At
this height, the shear stress begins with an imposing magnitude at the
surge front and deteriorates with distance from the surge front, which
is attributed to the aforementioned characteristics. On the contrary, at
the toe height, the shear stress has not developed; consequently, the
ellipsoids are not rotated off the streamwise direction close to the toe.
The Frs ¼ 2:49 case, from Fig. 12(c), is exceptional to this observation
because the streamwise normal stress, gu00u00 , is prevalent over the shear
stress even at this height, i.e., y ¼ d1 þ 0:25ðd2 � d1Þ. Here, the angle
does not exceed 45� throughout the series. Additionally, elongated
ellipsoids are also seen at this height due to the same reason.

The third series at the height of y ¼ d1 þ 0:5ðd2 � d1Þ shows
quite similar characteristics to those discussed for the previous height.
The final series, closest to the surface, are completely prolate in shape
and show a uniform pattern in the orientation of eigenvectors. These
ellipsoids are farthest from the toe of the surge where the shear mixing
layer originates, both laterally and longitudinally. As a result, the
stresses at this location are significantly smaller than in the remaining
series which is why the ellipsoids are diminished in size. Nevertheless,
the shear stress still persists at this height; thus, the ellipsoids are
rotated about the z-axis.

Focusing on the zoomed view of ellipsoids at the toe region for
all three Froude numbers in Fig. 12, there are two noticeable features
regarding the shape and orientation of the characteristic shapes. First,
the shapes are more outstretched along the streamwise direction in the

FIG. 10. (1) Conventional anisotropy color
map and (2) modified anisotropy color
map for (a) Frs ¼ 1:71, (b) Frs ¼ 2:13,
and (c) Frs ¼ 2:49.
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case of Frs ¼ 2:49 compared to Frs ¼ 1:71. This indicates that as the
Froude number increases, the streamwise Reynolds stress is more
dominant over other stresses leading to more anisotropic characteris-
tics at the toe. Second, the ellipsoids are more closely aligned along the
streamwise direction in the case of Frs ¼ 2:49 compared to
Frs ¼ 1:71, which suggests that the shear stresses are trivial at the toe
for higher Froude numbers. This inclination of ellipsoids at the toe
toward the water surface, in the case Frs ¼ 1:71, can also be seen in
the supplementary material video of the Q-criterion showing the
coherent structures of the mixing layer gravitating toward the surface.

Finally, an amusing feature from Fig. 12 is the orientation of the
smallest (blue-colored vector) and intermediate (red-colored vector)
principal stresses. These two vectors uncover two regimes of the surge
front, namely, the recirculation (roller) region and the mixing layer
(shear layer) region acknowledged in Sec. IIIA.

Having a close inspection of the side view of ellipsoids, i.e., the
xy-plane, reveals that the color at the center of the ellipsoid shifts from
blue, close to the surge front, to red away from the surge front
upstream. Thus, it is obvious that the opposite happens in the top view
of ellipsoids. The side view of ellipsoids initially shows blue color at its
center implying that the shortest principal stress (blue-colored vector)
is aligned along the z-axis (spanwise direction); hence, the intermedi-
ate principal stress (red-colored vector) is on the xy-plane. However,
away from the surge front, the side view changes to red implying the
converse. The second series, y ¼ d1 þ 0:25ðd2 � d1Þ, in Fig. 12 for all
three cases exemplifies these observations.

The cluster of ellipsoids having its blue vector perpendicular to
the xy-plane forms a unique regime along the free-surface of the surge
front which is deemed to be the recirculating region of the surge. The
transverse normal Reynolds stress, gv00v00 , is predominant close to the
surge front as shown in Fig. 6(b). Thus, the two foremost principal
stresses lie on the xy-plane in the recirculating region, leading to the
one parallel to the z-axis having the least magnitude. This is pertinent
to high air entrainment in the roller region as a result of impingement

and deformation of the water surface caused by these turbulent struc-
tures. Based on the current analysis, this region does not commence
immediately prior to the toe but is a few centimeters upstream from
the toe in all three Froude numbers as seen in Fig. 12. This subtle gap
between the turbulent roller and the surge toe is also mentioned by
Chanson and Docherty,49 where they noted a small time-lapse
between the two in their data.

Similarly, the mixing layer region identified by clusters of red
ellipsoids is formed below the recirculation region. The lower bound-
ary of this layer is traced by the ellipsoids having stress magnitudes
0.005 U2

2 , below which the ellipsoids are unnoticeable and negligible.
Identification of these two regions using ellipsoids is depicted in the
supplementary contours having ellipsoids all across the surge front.
This transition of colors is consistent in all three heights of ellipsoids
except the first series at the height of y ¼ d1 in all Froude numbers as
it lies entirely in the mixing layer region. The recirculation region has
not developed at this height; therefore, gv00v00 is negligible which is also
seen in Fig. 6(b). Thus, the red color in the side view and the blue color
in the top view remain unchanged throughout the series of ellipsoids.

IV. LARGE EDDY SIMULATIONS: CONVERGENCE
AND KOLMOGOROV SCALE

Current study implements the k-equation LES model, where
smaller than grid scale perturbations are modeled and larger resolved.
The combined modeling and discretization approach implemented in
this study is designed to: (i) meet the recommendation related to scale
and TKE resolution50,51 and (ii) attain the convergence required for ver-
ification, which is the pragmatic approach for estimating errors and
uncertainties in such simulations.52 This section expands on these crite-
ria and discusses the present results within the scope of these principles.

A. Kolmogorov scale and LES resolution

The resolution of the simulation plays a key role in the perfor-
mance of LES. As demonstrated in Appendix A, the current

FIG. 11. (a) Colors assigned to eigenvectors and associated principal stresses and (b) the side view and top view of ellipsoids used in Fig. 12.
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simulation resolves the smallest Hinze scale in the domain located
near the toe. To assess LES performance, first, the Kolmogorov scale is
obtained using turbulent dissipation. The expression of the
Kolmogorov length scale is given as

g � �3=e
� 	1=4

; (24)

where � is the kinematic viscosity. Furthermore, the first Kolmogorov
hypothesis introduces another length scale, lEI, which is the demarcation
of the production regime. Scales between g and lEI fall into the universal
equilibrium regime. The universal regime is further divided into the
inertial subrange (lDI < l < lEI), where the inertial effects are dominant,
and the dissipation range (g < l < lDI), where viscous effects are domi-
nant, thus dissipation takes place. This distinction is made by a length
scale, defined by Pope50 as lDI ¼ 60g. The Kolmogorov length scale at
the toe of the surge having the maximum value of dissipation is esti-
mated to be 2:627� 10�4d2 (dimensionally 1:348� 10�4 m). Thus,
the corresponding lDI ¼ 60g is 1:576� 10�2d2 (dimensionally
8:088� 10�3 m). According to Pope,50 the ideal filter size of LES must
be smaller than lEI. This condition is clearly satisfied as the filter size is
even smaller than lDI. Thus, the grid resolution is adequate in terms of
bubble as well as eddy sizes. The quality of LES is further reinforced by

demonstrating that the majority of the kinetic energy is resolved in the
current simulation (Appendix C).

B. Convergence criteria

To further corroborate the results, we conducted a grid-
refinement study for a surge Froude number of Frs ¼ 2:13. This anal-
ysis is conducted for the following Favre-averaged stress term, sxy�avg,
over an area of interest that is confined to 0 < ðx � ctÞ=d2 < 2:

sxy�avg ¼
1

1:2d2

X2d2
ðx�ctÞ¼0

X0:6
h¼0
��qgu00v00d2: (25)

The order of convergence, Pk, is accordingly calculated based on the
method used by Karimpour and Chu4 and Karimpour et al.53 as

Pk ¼
1
ln r

ln
sxy�avgðkÞ � sxy�avgðk�1Þ
sxy�avgðkþ1Þ � sxy�avgðkÞ

� �
; (26)

where k � 1, k, and kþ 1 denote the simulation results obtained from
the sequential refinement of the grid. The ratio of refinement, r, is
r¼ 1.25, in the present study, for cases 2–1, 2–2, and 2–3. The

FIG. 12. Characteristic ellipsoids for
(a) Frs ¼ 1:71, (b) Frs ¼ 2:13, and (c)
Frs ¼ 2:49 at nodes 0.025m (5dx1)
apart. Inset in each FIG shows the
zoomed view at the toe region of the
surge constituting ellipsoids at nodes
0.05m (10dx1) apart for better visualiza-
tion. At each height, the ellipsoids are
shown from two planar views: the first row
is the side view, and the second row is the
top view.
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estimated “exact” value is extrapolated, and the Fractional Error (FE)
for each of the three simulations is defined accordingly. Table II
reports the properties as well as the convergence parameters for each
of the three cases. The results presented in this paper are mainly based
on the grid resolution of N ¼ 1:0=dx2 ¼ 400, near the surge toe. This
grid refinement study demonstrates an expected FE of 3.85% for the
results. Furthermore, the fractional computation error for this aver-
aged resolved turbulent stress term is as expected because it is lower
than the highest order of TVD scheme used for the phase and spatial
interpolation scheme of the momentum flux terms.

V. SUMMARY AND CONCLUSION

The scope of this paper is to highlight the existence of a wide
array of turbulent anisotropic features across three-dimensional two-
phase breaking surge waves. This numerical study focuses on weak
breaking surge waves, where the surge Froude number is higher than
1.7, which is the upper range for undular waves while limited to 2.5.
This distinction was made to mainly focus on the turbulent flow fea-
tures across the mixing region and the breaking recirculating front
while minimizing the impact of the boundary layer. Here, we gener-
ated transient surge waves using the initial setup of a dam-break wave
and resolved tempo-spatial characteristics of the flow using combined
LES and VOF. The mesh resolution is defined to capture a wide spec-
trum of flow scales down to the Hinze scale for bubbles while satisfy-
ing the LES quality.50,51 The results have demonstrated a good
agreement with existing experiments, illustrating the validity of the
results. Some of the key observations and conclusions in this work are:

• Resolved TKE production across the surge front was prevalent in
the mixing layer region. Furthermore, the production term con-
tributing to the normal streamwise turbulent stress was domi-
nant, and its peak occurred near the toe. By decomposing the
production terms, we have demonstrated that the velocity gradi-
ent is the principal driver of high production of TKE behind the
toe. Moreover, we have observed small but negative resolved
TKE near the air–water interface. A similar observation was
made by Wei et al.10 near the free surface for undular hydraulic
jumps. These features were persistent in all Froude numbers.

• Overall distinguishable features and peculiar ones at the interface
and surge toe were observed in turbulent stresses and total pro-
duction when comparing Favre and constant density Reynolds
averaging frameworks, particularly near the interface and the toe
regions. This was attributed to the role of density fluctuations
and the significance of turbulent mass flux terms in these regions.
Although challenging, these results demonstrate the need for
experimental techniques enabling the simultaneous measurement
of the phase and velocity.54–56 Furthermore, this comparative

analysis highlights the importance of incorporating terms related
to density fluctuations in the Reynolds averaging framework for
studies on breaking bores, surge waves, and hydraulic jumps.

• The color maps in the Barycentric triangle demonstrated evi-
dence of a one-dimensional state in the vicinity of the toe for all
three Froude numbers. This is in principle at the core, where the
mixing layer is originated and where the maximum resolved TKE
production was reported. Near the air–water interface, the pro-
late dominant state in the wake of the surge gradually shifted to a
mixture of oblate and prolate near the heel. Behind the surge
front, mainly three-dimensional colors were observed, indicating
a gradual return to isotropy. This area of nearly isotropic behav-
ior was observed closer to the surge front for higher Froude
numbers.

• We have further assessed turbulent stress tensors by establishing
the characteristic shape maps behind the surge wave for all three
Froude numbers. This was achieved by pointwise eigendecompo-
sition of the Reynolds stress tensor, computing its principal
stresses and the associated eigenvectors. These characteristic
ellipsoids reveal features, such as the degree and direction of
anisotropy, which cannot be delineated using anisotropy invari-
ant maps. Additionally, these maps provide insight into the 3D
orientation of principal stresses beyond its shape. In reference to
the Cartesian coordinate, Fig. 12 showed that the prolate ellipsoid
near the toe is stretched mainly in the x-direction. In the mixing
layer, at the toe level, this state rotated about the z-axis from the
streamwise direction to 45�, which is caused by the dominance of
�gu00v00 shear stress over �gu00w00 and �gv00w00 , also seen in Fig. 6.
This angle further exceeded 45� within the recirculation region,
near the interface at shallower depths.

• In the recirculating region, the cluster ellipsoids in the side view
showed a peculiar but consistent trait, where the smallest princi-
pal stress was aligned with the z-axis. As a result, the largest and
intermediate principal stresses were on the xy-plane transcending
the surface tension, leading to higher air entertainment. Below
this region, in the mixing zone, the orientation was the inverse,
where the intermediate principal stress was aligned in the z-
direction. This indicates very distinct mixing features, one origi-
nating from a streamwise shear-induced mixing layer, and
another caused by phase discontinuity leading to air entertain-
ment at the interface. These features are detected in all three
Froude numbers included in the study.

Using highly resolved LES simulations, we have provided a com-
prehensive characterization of turbulence and assessment of aniso-
tropic features across the mixing layer and the recirculating region in
breaking weak surge waves, including its connection with the produc-
tion terms. This study also illustrates the need for LES, and if feasible
DNS, for this flow and cautions against the use of turbulent models
that are inherently based on the assumption that turbulence is locally
isotropic.50 In terms of the turbulent kinetic energy (k) budget, the
study focuses on the decomposition of the production term to formu-
late the source of k and explain the linkage between the source and
anisotropy. Further analysis is required to investigate other terms in
the transport equation for the resolved turbulent kinetic energy, to
enhance our understanding of energy budget in this transient two-
phase flow. Furthermore, with its current setup, this study has the lim-
itation of extending to higher Froude numbers beyond weak surge

TABLE II. The mesh refinement study for the surge Froude number of Frs ¼ 2:13
(cases 2-1, 2-2, and 3-3) conducted on spatially averaged resolved turbulent stress
based on Eq. (25), sxy�avg , with a refinement ratio of r¼ 1.25.

Case ID N ¼ 1:0=dx2 sxy�avg=qwU
2
2 Order (Pk) FEð%Þ

2–1 320 0.007 832 1 	 	 	 5.96
2–2 400 0.007 676 4 1.954 3.85
2–3 500 0.007 575 8 	 	 	 2.49
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waves. This is mainly due to the resolution near the bed, where LES
does not adequately address the development of the boundary layer
and its interaction with the mixing region.
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APPENDIX A: HINZE SCALE

Air bubbles are entrained into the water at the surge front and
have different scales. Once entrained, these bubbles cannot be sustained
by the surface tension, hence rapidly break into smaller bubbles due to
the turbulent forces. This break-down process continues until the sur-
face tension force gains comparable strength, to a point where the bal-
ance between the turbulent kinetic energy of the flow and interfacial
energy is reached. The scale of the bubble at this point is defined as the
Hinze scale, which implies the smallest size to which turbulent forces
can fragment bubbles. The Hinze scale is defined as

DH ¼ C
r
qw

� �3=5

e�ð2=5Þ; (A1)

where C¼ 0.725 is a constant of proportionality from Hinze,57 cal-
culated using the experimental data of Clay.58 Clay58 determined
the bubble-size distribution and D95 such that 95% of the droplets
have diameters below D95. Hinze used this scale as the maximum
bubble size to decide the aforementioned constant. In this equation,
r is the surface tension coefficient between air and water, qw is the
density of water, and e is the dissipation of the turbulent kinetic
energy formulated from term (3) in Eq. (13).

Figure 13 shows the Hinze scale normalized by d2 and the
ratio of the grid size, d, over the Hinze scale. The Hinze scale from
Eq. (A1) is closely related to the dissipation of the turbulent kinetic
energy. The dissipation field emanates from the toe of the surge

bore and progressively degrades upstream. Its peak is observed at
the origin of the shear mixing layer which is the toe of the surge
bore. Thus, as expected, the minimum Hinze scale of the two-phase
flow having a magnitude of 0.0043d2 (dimensionally 2.2mm) is in
the corresponding location. The contour lines at 0.0075d2, 0.01d2,
0.02d2, and 0.05d2 are overlaid for better visualization of the differ-
ent regimes of the Hinze scale. These contour lines divide the surge
front region into four parts: the toe having scales less than 0.0075d2
demarcated by the 0.0075d2 contour line, followed by bubble sizes
less than 0.01d2 and subsequently 0.02d2, while the 0.05d2 contour
line outlines the border of the shear mixing layer. The ratio of the
mesh size, d, to the Hinze scale, DH, in Fig. 13 incorporates mesh
size variability as the computational domain. The ratio in the region
below the surge front is always less than one, spanning between 0.5
and 0.75 close to the toe and the interface, indicating that the grid size
is consistently smaller than the Hinze scale. In contrast, the ratio just
outside the Area of Refinement 2 (AR2), in the air region, is greater
than one having a maximum value of 1.6. Nonetheless, the contour
plots demonstrate that the resolution of LES filter is less than the
Hinze scale below the air–water interface and above this interface is
less or at least commensurate with the smallest bubble size. In other
words, in the current simulation for the flow below the air–water
interface, scales above the Hinze scale are resolved. However, to fur-
ther resolve the interface features to scales below the Hinze scale,
inclusion of surface tension in the governing equations is necessary.59

APPENDIX B: VALIDATION

In this section, we endeavor to compare our analysis with the
experimental results presented by Leng and Chanson60 and Murzyn
et al.61 and provide a reliable validation test. We would like to
acknowledge that the exact Froude numbers presented in this paper

FIG. 13. (a) Hinze scale normalized by d2 with contours lines at 0.0075, 0.01, 0.02,
and 0.05 and (b) the ratio of the grid size over the Hinze scale with contours lines
at 0.50, 0.75, and 1.00 for Frs ¼ 2:13.
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are not experimentally available. In our analysis for void fraction,
we relied on the Froude number nearest to our setup. Furthermore,
analyses by Murzyn et al.61 were conducted for stationary hydraulic
jumps, but we nevertheless relied on their semi-empirical equations
for volume fraction, simply due to analogy of moving surge waves
with hydraulic jumps, as outlined earlier in the paper. Two addi-
tional validation tests are conducted, i.e., the maximum instanta-
neous free-surface fluctuations, and the time lag between the peak
Reynolds stress and free-surface fluctuation as a function of the
Froude number. In these validations, we relied on correlation func-
tions of Froude numbers provided in Leng and Chanson.60

1. Air distribution profile

In their study, Murzyn et al.61 investigated the distribution of
air in the two-phase flow across hydraulic jumps of Froude num-
bers ranging from 2 to 8.5. Their measurements were carried out
using dual optical sensors. Following analysis, Murzyn et al.61 iden-
tified two regimes: the lower region (shear layer) and the upper
region (roller region). Near the toe, the air entrainment is governed
by the shear layer (also see Chanson62) where the mean velocity
dominates over the bubble rise velocity, while in the upper region,
the air distribution is governed by interfacial interactions and recir-
culating mechanism.

Since, in the shear region, the air distribution is governed by
advection–diffusion, Chanson62 and Murzyn et al.61 proposed that
the void fraction, the air volume fraction in the present study, in
depth can be expressed by a Gaussian profile

aa ¼ aa�max exp � 1
4
U
D
ðy � ymaxÞ2

xt � x

 !
; (B1)

where xt is the position of the toe, and ðxt � xÞ represents the
streamwise distance from the toe. aa�max is the maximum air vol-
ume fraction reported at ymax at selective streamwise locations, and
D is the diffusion coefficient. The expression for the void fraction in
the upper region is given by Brattberg et al.63 as

aa ¼
1
2

1þ erf
ðy � ya50Þ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dðxt � xÞ=U

p !" #
; (B2)

where aa ¼ 0:5 at the vertical position of ya50. Murzyn et al.61 have
reported the experimental values for D=Ud1; ymax=d1, and ya50=d1 for
Froude numbers of 2.0, among other Froude numbers. Using these
parameters for the surge Froude number of Frs ¼ 2.13, ensemble-
averaged air volume fraction profiles are plotted at selective streamwise
locations of ðxt � xÞ=d1 ¼ 0.85, 1.70, 2.54, and 4.27.

A plot of ensemble-averaged air volume fraction, aa, is provided
in the 2–2 case with Frs ¼ 2:13 and compared with Eqs. (B1) and
(B2). Figure 14(a) shows that the profiles obtained from the present
simulations for the shear region nearly collapse on the empirical pro-
file and match well with the Gaussian profile shown in Eq. (B1).

For the upper region, all three profiles are in good agreement
with Eq. (B2). The volume fraction distribution breaks away from
Eq. (B2) when aa < 0:5 [bottom of the upper region profile in Fig.
14(b)], indicating the transition to the lower region governed by the
previous equation as expected. This deviation is larger in profiles at
longer streamwise distances from the toe, with greater distances
from the shear layer origin.

2. Maximum free-surface perturbation and lag time
in Reynolds stresses

Leng and Chanson60 constitute 25 ensemble-averaged data
yielding the fluctuation in free-surface elevation and turbulent
Reynolds stresses. They characterized the fluctuation in free-surface
elevation as the difference in the third, d75, and first quartile, d25, of
the instantaneous surface height data. The maximum fluctuation in
surface height, (d75 � d25Þmax, as a function of the Froude number
was empirically interpolated as

d75 � d25ð Þmax

d1
¼ 0:331� Frs � 1ð Þ0:63 for 1:38 < Frs < 2:2:

(B3)

Additionally, they compared the time lag (DT) between the arrival
of the bore and peak Reynolds stresses and the time lag (Dt)
between the arrival of the bore and peak free-surface fluctuations.
The correlation function of the ratio of these two time lags with
respect to the surge Froude number was defined as

FIG. 14. Air volume fraction profile in the (a) lower region (shear layer) and (b)
upper region (roller region) compared with Eqs. (B1) and (B2) proposed by Murzyn
et al.61 and Brattberg et al.,63 respectively.
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DT
Dt
¼ 2:2� Frs � 0:73ð Þ for 1:2 < Frs < 2:2: (B4)

These two functions are compared with the three Froude num-
bers presented in this paper in Fig. 15. Although in case no. 3 the
Froude number of Frs ¼ 2:49 is outside the limits mentioned in
Eqs. (B3) and (B4), it is not prohibitively off range enough to
deviate from the correlation trend. The free-surface fluctuation
follows the same trend as Eq. (B3), where the ratio increases as
the Froude number increases. Similarly, the time lag ratio is also
consistent with the experimentally derived Eq. (B4). Overall,
these validation tests demonstrate a good agreement with the
experiment, illustrating the validity of the results presented in
this paper.

APPENDIX C: LES RESOLUTION

A widely used method to estimate the quality of LES results
was introduced by Pope,50 where the majority of the turbulent
kinetic energy should be resolved in LES, while only a fraction are
left to LES modeling and residual stresses. Matheou and Chung51

and Pope50 proposed that the resolved TKE, k, should be more
than 80% and 90% of the total TKE, respectively, to enable a
well-resolved simulation. Here, the total TKE is estimated using k
and kR.

As shown in Fig. 16, our simulations have consistently
achieved more than 80% resolution, even near the critical regions,
such as the toe and the air–water interface. Highlights of white
shade can be seen above and along the air–water interface, indi-
cating a resolution close to 80%. Splashing and spattering of
water are common at the free-surface, which lead to droplets of
water that are unresolved due to their small sizes. Since Favre
averaging, implemented in this study, emphasizes the water prop-
erty over air as discussed in Sec. III D, these modeled stresses
accumulate over averaging and become protrusive. As a result,
white irregular contours are prominent at the top of the black
line.

FIG. 15. Validation tests for three Froude numbers: (a) maximum free-surface fluc-
tuations normalized by d1 compared with Eq. (B3) and experiments and (b) the ratio
of time lags in six Reynolds stresses and their median compared with Eq. (B4).

FIG. 16. Ratio of the resolved to total TKE
in current simulations for surge Froude
numbers of (a) Frs ¼ 1.71, (b) Frs ¼
2.13, and (c) Frs ¼ 2.49.
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